The decay of α particle from a nucleus is viewed as a quantum resonance state of a two-body scattering process of the α+daughter nucleus pair governed by a novel nucleus-nucleus potential in squared Woods-Saxon form. By the application of the rigorous optical model (OM) potential scattering (S-matrix) theory the genuineness of the potential for the system is established by giving good explanation of the elastic scattering and reaction cross sections data of the α+nucleus pair. From the pole position in the complex momentum (k) plane of the S-matrix defined above, the energy and width of the resonance state akin to the decaying state of emission of α particle are extracted and from this width, the result of α-decay half-life is derived to account for the experimental result of half-life in the cases of large number of α-emitters including heavy and super-heavy nuclei. The S-matrix of the full OM calculation above is replaced by an analytical function expressed in terms of exact Schrödinger solutions of a global potential that closely represents the Coulomb-nuclear interaction in the interior and the pure Coulomb wave functions outside, and the resonant poles of this S-matrix in the complex momentum plane are used to give satisfactory results of decay half-lives of α coming out from varieties of nuclei. PACS number(s): 23.60.+e, 21.10. Tg, 23.70.+j, 27.90.+b PACS numbers: 
I. INTRODUCTION
The process of decay of alpha (α) particle from heavy and super-heavy nuclei has been studied intensively in the past few years [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . In many papers a simple two-body model was applied [11] [12] [13] and in most papers a potential was derived that was able to fit the measured α-decay half-lives of the alpha emitters. In recent time, such a potential for the α+nucleus two-body interaction is generated microscopically in the double folding (tρρ approximation) using explicitly the nuclear (both proton and neutron) densities [4, 14] .
However, most of the studies did not attempt to use these potentials for the description of other experimental quantities such as, for example, α-scattering cross sections or reaction (fusion) cross sections. Using the potential extracted from the fitting of decay rate data, Devisov and Ikezoe [3] estimated the values of fusion cross section as a function of energy by treating fusion process as a one-dimensional barrier passing mechanism. Bhagwat and Gambhir [15] have tried to account for the measured results of fusion cross sections in some cases of α+nucleus systems by the similar one-dimensional treatment of the fusion process and found no success in explaining the data of fusion cross sections and the decay half-lives by using the potential obtained within the framework of mean field theory. In both the studies stated above, the potential under question has not been used or tested for the analysis of angular variation of the experimental values of differential scattering cross sections at different incident energies. It is well known that the genuineness of a nucleusnucleus potential rests on the satisfactory explanation of the above elastic scattering data in the optical model potential (OMP) analysis. Through this analysis only, can one know the exact height and radial position of the Coulomb-nuclear potential barrier. Using a potential, without proper verification of its barrier height and position, in the studies of other processes namely fusion and decay does not go well with the physical understanding of the processes.
In principle, the application of semi-classical model for tunneling is not necessary for the calculation of α-decay half-lives and the fusion reaction cross section in the quantum mechanical two-body collision process of α-nucleus system. From the potential, using the rigorous S-matrix (SM) theory of potential scattering, one can directly obtain the energy and decay width from the poles of the SM in the lower half of the complex momentum (k) plane close to the real axis [10] . Further, this SM method can be amalgamated within a code developed for calculating phase-shifts and cross sections in the same α+nucleus collision problem to explain the elastic scattering and reaction (fusion) cross section data in a unified way [16, 17] . The motivation of this paper is to present a phenomenological potential for the α+nucleus system which is consistent with the potential generated by relativistic mean field (RMF) theory [18] and is suitable for simultaneous description of three important events of α induced nuclear reaction namely (i) elastic scattering, (ii) reaction, and (iii) α emission by giving satisfactory explanation of the measured quantities: elastic scattering cross section, reaction cross section and α-decay half-life by the calculated results obtained using the SM theory of potential scattering.
Further, the combined Coulomb-nuclear potential adopted above is closely reproduced by a r-dependent potential expression. Using this potential form, we exactly solve the Schrödinger equation and match them with the analytical Coulomb wave functions outside and obtain an expression for the S-matrix explicitly as a function of the incident energy and the potential parameters. Then, from the pole position in the complex momentum (k) plane of the S-matrix, we extract the energy and width of the resonance state akin to the decaying state of emission of α particle from a nucleus. With this simple model of potential scattering calculation we achieve good explanation of the experimental results of α-decay half-lives in the cases of several α-emitters that include heavy and super-heavy nuclei.
In Sec. II, the details of the OMP calculation and the derivation of the expression for the S-matrix of the exactly solvable potential are given. Section III discusses the applications of the formulation to the explanation of the experimental data of elastic scattering cross section, reaction cross section and α-decay half-life. In Sec. IV, we present the summary and conclusion of the work.
II. THEORETICAL FORMULATION
The nuclear optical potential model is developed for the analysis of the results of scattering and reaction cross sections obtained in the measurements of nucleus-nucleus collisions.
In this quantum collision theory, the following reduced radial Schrödinger equation
for a complex Coulomb-nuclear potential
the sum of the complex nuclear potential (V N (r)), the electrostatic potential (V C (r)), and the centrifugal potential (V ℓ (r)) in the spatial region 0 < r ≤ R max , a distance where the attractive nuclear potential becomes zero, is solved using the Runge-Kutta (RK) type of numerical integration or multistep potential approximation [19] and the wave function (φ(r)) and its derivative (dφ(r)/dr) at the radial position r=R max are obtained.
In the outer region r > R max , the potential of the α+nucleus interaction is only Coulombic, V C (r), with the centrifugal term V ℓ =h
for different angular momentum partial wave ℓ. Here, µ stands for the reduced mass of the two-body system. Using the exact Coulomb wave functions, i.e., F ℓ (r) (regular) and G ℓ (r) (irregular) and their derivatives F ′ ℓ (r) and G ′ ℓ (r) in the outer region r > R max and the wave function φ(r) and its derivative
in the left side of r = R max and matching them at r = R max , we get the expression for the partial wave S-matrix denoted by S ℓ as
where
with k = 2μ h 2 E for the incident energy E. In (4), prime ( ′ ) denotes derivative with respect to ρ=kr.
We estimate the results of differential elastic scattering cross section in ratio to Rutherford scattering as a function of scattering angle (θ) by using the S-matrix, S ℓ , given by (3) in the following expression:
Here, the Sommerfeld parameter η = 
The Coulomb phase-shift, σ ℓ , for higher partial waves is evaluated using
P ℓ (cosθ) stands for the Legendre polynomials. For the total reaction cross section one can use the formula
In the optical model potential V(r) given by (2) for the collision of two nuclei of mass numbers A 1 and A 2 and proton number Z 1 and Z 2 , the complex nuclear potential 
The radii R v , R s and R I are expressed as R v = r v (A
2 ), and
2 ), respectively in terms of distance parameters r v , r s , and r I in fermi units.
The parameters a s and a I stand for the slope of the potentials for the real and the imaginary parts, respectively. The depth parameters V 0 > 0 and W 0 > 0 and they are in energy (MeV) units. In the real part V R N (r) (10) , there is a parameter δ which decides the depth as V 0 (1 + δ) near the origin. The use of these potentials in squared Woods-Saxon form has been found successful in the description of α + 16 O elastic scattering and α-cluster structure in 20 Ne by Michel et al., [20] . Thus, the real nuclear potential, V R N (r) (10) is a five-parameter co-ordinate dependent expression with the adjustable parameters V 0 , r v , r s , a s , and δ. The imaginary nuclear potential, V I N (r) (11) is a three-parameter formula with the parameters W 0 , r I , and a I which are also adjustable.
The Coulomb potential, V C (r), based on homogeneous charge distributions is expressed as
where radius parameter R C =r C (A
2 ) with r C ≃ 1.2 fm. Thus, the complete OMP, V(r) (2), is specified by altogether nine parameters V 0 , r s , a s , δ, r v , r C , W 0 , r I , and a I .
A. Poles of S-matrix for resonance and decay rate
It may be mentioned here that the real nuclear potential V R N (r) given by (10) in combination with the Coulomb potential V C (r) (12) and the centrifugal term V ℓ (r) =h 
, as a function of the wave number k, a zero at k=k r -ik i of F (−k) in the lower half of the complex k-plane gives rise to a pole in the S ℓ (k). When k i <<k r , this corresponds to a resonance state with positive resonance energy E r and width Γ r :
Thus, in the complex energy E plane S ℓ (k) has a pole at E=E r − iΓ r /2. The width Γ r , expressed in energy unit, is related to decay constant λ d , mean life T and half-life T 1/2 through the relation 1
B. Decay rate with exact explicit analytic solution
Let us study the nature of the potential adopted above for the successful explanation of scattering, reaction and decay of an α+nucleus system. In Fig. 1 , we plot the real nuclear part V R N (r) (10) combined with Coulomb potential V C (r) (12) for ℓ = 0 trajectory with regard to the α+daughter nucleus, α+ 208 Pb, pair and show it by the dashed curve. It is clearly seen that there is a well defined pocket followed by a prominent barrier with height V B =20.27 MeV positioned at r=R B =10.75 fm. This potential (dashed curve) is found close to the dotted curve which represents the potential calculated using energy density profiles of nucleons (proton and neutron) in RMF theory [18] except near the origin where the depth of the RMF potential is small. As mentioned in Sec. II, this combined Coulomb-nuclear potential is responsible for generating resonances or quasi-molecular state that eventually decays. In order to match with the above effective potential, we designate the following
is well known Eckart form factor and the strength parameter H 0 > 0. This potential (16) can be solved in the Schrödinger equation exactly. It has five parameters namely H 0 , ξ 1 , ξ 2 , 2 )+2.72 fm with r 0 =1.07 fm, the height of the barrier
with a g =0.63 fm and setting R 0 =R B , H 0 ξ 2 =V B , depth H 0 ξ 1 =−100 MeV, and diffuseness d=9.63 fm, the effective potential V ef f (r) (16) is shown by a solid curve in Fig. 1 in the spatial region 0 < r < R B . As we see, it closely matches, in region 0 < r < R B , with the dashed curve that represents the Coulomb+nuclear optical potential for ℓ=0 described above.
For the potential expressed by Eq. (16), the s-wave radial Schrödinger equation can be written as
The exact solution of the above Eq. (17) is given as
where Z=[cosh F(a,b,c,Z) is the hyper-geometric function. The other terms are
Using the boundary condition
we get
and
For cosh
The logarithmic derivative of the wave function at r=R 0 is given by
In the region r > R 0 = R B where the potential is pure Coulombic, the Coulomb wave functions (regular F 0 and irregular G 0 ) and their derivatives (F ′ 0 and G ′ 0 ) for ℓ = 0 case are expressed as [22] 
By requirement of continuity at r=R 0 , the wave functions and their derivatives are matched at r=R 0 to obtain the scattering matrix denoted by S(k) as
where f (R 0 ) is given by (25) . A pole of S(k) arising from the zero of the denominator of S(k) (31) in the lower half of complex k-plane gives us the resonance energy equal to Q-value and the decay half-life as described in Sec. II.
III. RESULTS AND DISCUSSION
In the application of the above formulation to the explanation of measured data with regard to events namely scattering, reaction and α-decay in a α+daughter nucleus system, we select the α+ 208 Pb reaction which has been subjected to extensive experiments for the measurements of elastic scattering cross section, reaction cross section, and rate of decay of α particle from the parent 212 Po nucleus. Using the S-matrix S ℓ (3) in the expression (6), we obtain the results of angular variation of differential elastic scattering cross section σ Sc in ratio to Rutherford scattering cross section σ Ru and compare them (full curves) with the corresponding measured data (solid circles) obtained from Ref. [23] in Fig. 2 . It is found that the fitting of the data at three different energies around the s-wave barrier height (=20.27 MeV) is quite good. With this, the test for the authenticity of the nuclear optical potential adopted in the present analysis is successful. Now the same potential is to be tested for the explanation of reaction cross section and also the result of α-decay rate.
By using the expression (9), the total reaction cross section σ R as a function of bombarding energy are obtained and they are shown by a solid curve in Fig. 3 and compared with the corresponding experimental data represented by solid circles [23] in this Fig. 3 . It is clearly seen that the explanation of the data by our calculated results (solid curve) is quite satisfactory at different energies around the barrier. It may be pointed out here that the results of σ R at low (< 20MeV ) incident energies analyzed here are sometimes considered as fusion cross sections [15] .
Coming to the calculation of resonance energy and the decay width through the poles of S-matrix, we first find out the resonance energy equal to the Q-value of α-decay from the position of a peak in the variation of the result of σ R as a function of energy by using the same set of potential parameters which is found successful in explaining the elastic and σ R data mentioned above. In order to obtain the resonance energy exactly equal to the Q-value we may need to marginally vary the depth or the diffuseness parameter of the real nuclear Starting with these trial values, Newton-Raphson iterative technique is used to obtain the zero of the Jost function of the Coulomb-nuclear S-matrix, S ℓ (3), which corresponds to the resonance or quasi-bound state pole. From this pole, using Eq. (13), the resonance energy E r is obtained to represent the Q-value. The corresponding result of width is obtained by using (14) and from this, using relation (15), the value of decay half-life denoted by T
is obtained within the framework of optical model calculation. In the case of α-emitter 212 Po with Q-value Q α =8.954 MeV, we find T of the parent nuclei. Having fixed all other parameters namely V 0 =22 MeV, r s =1.27 fm, a s =0.62 fm, and r C =1.2 fm, one has to marginally vary the value of the parameter r v around 0.66 fm and that of δ around 3 to generate the resonance energy exactly at the Q-value of a given pair. This formulation can easily be applied to estimate the results of decay half-lives of α particle emitted out with some angular momentum ℓ > 0. For this, one has to simply generate the resonance at the energy equal to the given Q-value of decay in the specified partial wave trajectory ℓ by the variation of r v and δ outlined above. We calculate the results of decay half-life in decimal logarithm, (log 10 T
), for several α-emitters in the list of Polonium (Po) isotopes for ℓ=0
state and compare them with the corresponding experimental data denoted by log 10 T (expt) 1/2 in Table I . We find that our calculated results are close to the respective measured data in most cases of α+daughter nucleus pairs.
We now calculate T 1/2 of the α+daughter system from the resonance pole of the S-matrix, S(k) (31) derived by using exact wave functions of Coulomb-nuclear interaction. The same procedure adopted above in the OMP calculation is used here to locate the pole of S(k)
depicting the resonance at the energy equal to the Q-value of decay. In this case, the diffuseness parameter 'd' of the potential (16) is varied to obtain the above situation of resonance at the Q-value. From this pole of S(k) we derive decay T 1/2 by using formula (15) and denote the results by
as it is based on exact analytical solutions unlike those used in the derivation of T
from the pole of S ℓ (3) obtained within the OMP potential calculation. In this potential model calculation, we obtain the result of T ) for several α-emitters in the list of Polonium (Po) isotopes for ℓ=0 state and compare them with the corresponding experimental data in Table I . We find that our calculated results of half-life in decimal logarithm, (log 10 T in most cases of α-emitters.
From the above analysis we learn that for the emission of α particle in ℓ=0 situation, instead of using poles from S ℓ (3) which requires tedious numerical calculations of wave functions of the full OMP, it is okay to use the simple poles of S(k) (31) which is expressed analytically in terms of exact solution of a global potential and analytical Coulomb wave functions, and estimate the results of decay half-life,
, for the explanation of experimental decay rate in various α+daughter nucleus pairs. In Table II in the same Table II , we find that our results provide satisfactory explanation of the measured ones in most cases of the α-emitters.
For emission of α particle with ℓ > 0, we have to use the full optical potential in different trajectories specified by ℓs and estimate the results, T
, from the poles of S ℓ (3) described above. In Table III , we present our results of half-life, log 10 T
, in decimal logarithm for several α-emitters in different ℓ >0 situations and compare them with the corresponding experimental results denoted by log 10 T
. We find that the explanation of the measured data by our calculated ones is quite satisfactory in most cases of decay.
In few cases, namely Having obtained successes in the explanation of all the three α induced nuclear collision events: elastic scattering, reaction and decay by the use of the nuclear potential (10) in squared Woods-Saxon form, the following few words are in order in favour of this potential.
(i) The potential has a surface part defined by the parameters V 0 , r s , and a s as in normal Woods-Saxon form and it takes care of proper description of the measured data of elastic scattering which is a surface phenomenon.
(ii) There is a volume part in this potential expression (10) governed by the parameters r v and δ which controls the diffuseness of the potential in the interior side. Interestingly, variation of these parameters does not disturb much the fitting of the elastic scattering cross section provided by the surface part stated in point (i). On the other hand, by selecting some values r v ∼0.66 fm and δ ∼ 3, we, in combination with the repulsive Coulomb part, find an effective potential which is slowly falling in nature towards the left hand side of the Coulomb barrier. This bulging character of the Coulomb+nuclear potential provides all the remarkable explanation of the experimental data of α-decay half-lives and also the reaction cross sections at energies near and below the barrier in large number of α+daughter nucleus collision events. From the successful application of this form of nuclear potential we understand that the volume part deciding the diffuseness of the Coulomb barrier in the interior side is the life-line for the explanation of the decay rate and reaction or fusion cross section in the collision of α+nucleus system.
(iii) This short of potential with less diffuseness in the interior side of the Coulomb barrier potential is consistent with the potential calculated using density profiles of nucleons in the RMF theory [18] .
IV. SUMMARY AND CONCLUSION
Considering the process of decay of an α particle from a parent nucleus as a two-body quantum collision of α+daughter nucleus pair, three events namely decay, elastic scattering and reaction (fusion) are addressed in one platform within the framework of threedimensional optical model potential scattering (S-matrix) theory. A novel expression for the nuclear potential in squared Woods-Saxon form is adopted for the nucleus-nucleus collision.
Using the S-matrix of the complex nuclear plus electrostatic potentials, the measured data of elastic scattering and reaction cross sections are explained to proof the genuineness of the potential. From the poles of the same S-matrix in the complex momentum plane, we extract the energy and width of the resonance state akin to the decaying state of emission of α particle and from this width the result of decay half-life of the α-emission is obtained to account for the experimental data of half-life in the cases of large number of α-emitters including heavy and super-heavy nuclei.
In this comprehensive analysis of three physical phenomena, we find that the versatile form of nuclear potential adopted by us in this paper, by virtue of its surface part, explains data of elastic scattering cross section and by the help of its volume part controlling the diffuseness of the potential in the interior side, decides the results of reaction cross section and decay rate yielding good explanation of respective measured data.
The sum of the above nuclear potential (real part) with the Coulomb potential based on homogeneous distribution of charges for s-wave is closely represented by an analytical expression as a function of radial distance r which is solved exactly to express the S-matrix in terms of the explicit analytical Schrödinger solutions and Coulomb wave functions. From the resonant poles of this well defined S-matrix of a global soluble potential, the results of decay half-lives are obtained to explain the corresponding experimental data in several heavy as well as super-heavy α emitting nuclei giving rise to satisfactory explanation of the data.
In conclusion, we believe that the emission of α particle from a radioactive nucleus is governed by the fundamental principle of quantal decay of charged particle from a resonance state generated by a two-body (α+daughter nucleus) potential that describes the elastic and reaction cross sections of the α+daughter nucleus collision. And the width of the resonant pole of the S-matrix of the potential yields the result of decay half-life.
Further, the S-matrix of the full optical model calculation involving tedious numerical computation for wave functions can be replaced by a S-matrix which is expressed in terms of exact analytical solutions of a soluble potential that closely represents the real part of the potential describing elastic scattering data and expressions of Coulomb wave functions, and the resonant poles of this S-matrix in the complex momentum plane can be used to
give satisfactory results of α-decay half-lives.
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